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Abstract: A three-dimensional analysis is carried out to evaluate flow and heat transfer characteristics 
of Al2O3/water nanofluid in a duct with discrete heat sources. The heat sources are placed on the 
bottom wall of duct and generate much thermal energy that must be removed from the system. The 
remaining surfaces of channel are kept adiabatic to exchange energy between nanofluid and heat 
sources. In the present study the effects of Reynolds number ( Re=50, 100, 150, 200 and 250) and 

particle volume fraction ( =0 (distilled water), 0.5 and 2%) on the nanofluid thermo-physical 

properties, average heat transfer coefficient ( h ), pressure drop ( P ) and wall temperature ( wT ) are 

investigated. The use of nanofluid can produce an asymmetric velocity along the height of the channel. 
The results show a maximum value 26% increase in average heat transfer coefficient and 275% 
increase in pressure drop for all the considered cases when compared to basefluid (i.e. water).It is also 
observed that the nanofluids thermal conductivity increases remarkably, especially near the heat 
sources, where higher hear transfer rate is required, and this may cause to apply them as smart 
materials in hot spots cooling.  
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INTRODUCTION 

 
 Hot spots are localized areas with high temperature which can be produced on microprocessors and various 
electronic devices. These areas have an adverse influence on performance and operation conditions of them due 
to ample produced energy which must evacuated from system. With growing of power density of these 
electronic components, good researches have been conducted to improve the heat transfer rate of them by active 
as well as passive method. Although the former generally presents higher augmentation, it requires additional 
external forces that can increase the capital and operating cost of the system. In contrast, passive heat transfer 
enhancement can be obtained by changing the geometry or modifying thermal properties of working fluid 
(Saamito et al., 2011). In recent years, the increasing advances in manufacturing technology have led to the 
production of the nanoparticles. Mixing of these nanoparticles in base fluid creates a special class of fluids, 
called ‘nanofluids’.The term ‘nanofluid’ refers to a two-phase mixture where the continuous phase is usually a 
liquid and the dispersed phase is created of extremely fine metallic particles of size about 50 nm, called 
‘nanoparticles’ (Roy et al., 2005). 
 A lot of researchers experimentally showed that the presence of nanoparticles into basefluid can increase 
thermal conductivity in comparison to one of the base fluids. Chopkar el al. (2008) evaluated thermal 
conductivity of Ag2Al-water and Al2Cu-water nanofluids and reported that it increases about 130% with a 
volume fraction less than 1%. Lee and choi (1999) investigated Al2O3-water/ethylene glycol nanofluid with 
particle diameters 24.4 and 38.4 nm as well as CuO-water/ethylene glycol with particle diameters 18.6 and 23.6 
nm and reported that thermal conductivity increases to 20% as particle volume fraction increases from 0 to 4%. 
Some researchers (Li and Peterson, 2006, Das et al., 2003, Teng et al., 2011) evaluated the thermal conductivity 
of nanofluidsas a function of volume fraction and temperature. They showed that the thermal conductivity of 
nanofluids significantly increases as temperature rises. Wang and Mujumdar (2007) listed a large number of 
correlations, which are available in the literature, for thermal conductivity of nanofluids. 
 Maiga et al. (2005) numerically evaluated the flow and thermal behavior of water-Al2O3 and Ethylene 
Glycol-Al2O3 nanofluids for a system of parallel, coaxial and heated disks. A remarkable enhancement of heat 
transfer rate has been observed with increasing of the volume fraction of nanoparticles for both nanofluids. They 
have reported that the rate of increase of heat transfer is more for Ethylene Glycol-Al2O3 nanofluid in 
comparison with the water-Al2O3 nanofluid. However, the wall shear stress also increases remarkably with 
increasing of volume fraction of nanoparticles. Santra et al. (2009) numerically investigated the effect of CuO-
water nanofluid as a cooling medium to simulate the heat transfer behavior in a two dimensional (infinite depth) 
horizontal rectangular duct, where top and bottom walls were two isothermal symmetric heat sources. They 
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considered the fluid Newtonian as well as non-Newtonian for a wide range of Reynolds numbers and particle 
volume fractions. These authors reported that the heat transfer enhancement is possible using nanofluid in 
comparison with conventional fluid for the both cases. Feng and Kleinstreur (2010) carried out a numerical 
simulation for alumina-water nanofluid flow with heat transfer between parallel disks. They reported that 
nanofluid produces smoother flow fields and temperature distributions and heat transfer rate increases with 
higher volume fraction, smaller nanoparticle diameter, reduced disk-spacing and larger inlet Reynolds number. 
Mashaei et al. (2012) conducted a numerical analysis of flow and heat transfer characteristics of nanofluid in a 
parallel plates channel with discrete heat sources. The heat sources were placed on bottom wall at a constant 
heat flux and remaining channel surfaces were considered adiabatic. They reported that the use of nanofluid can 
produce an asymmetric velocity along the height of the channel and the wall temperature decreases remarkably 

as Re and   increase.  

 With respect the problem under study that is heat transfer of discrete heat sources in channel flows, there 
are many works both numerical and experimental, which study such a problem. Bhowmik et al. (2005) carried 
out steady-state experiments to investigate heat transfer rate from an in-line four simulated electronic chips in a 
vertical rectangular channel employing water as the working fluid. They evaluated the effects of heat fluxes, 
flow rate and geometrical parameters on heat transfer coefficient and illustrated heat transfer enhancement 
strongly depends on flow rate. Da Silva et al. (2004) utilized two different analytical approaches to determine 
how to arrange discrete heat sources on wall cooled by forced convection: (i) Large number of small heat 
sources and, (ii) small number of heat sources with finite length, which are placed on a flat wall. Both analyses 
showed that heat sources should be mounted non-uniformly on the wall to obtain better heat transfer rate. Arquis 
et al. (2007) numerically examined the fluid flow and heat transfer characteristics associated with cooling an in-
line array of discrete heated blocks in a channel by using a single laminar slot air jet. They studied the effects of 
various parameters such as channel height, slot weight, jet Reynolds number, and spacing between blocks, block 
height and block thermal conductivities. In general, the heat transfer rate increases with the increase of Reynolds 
number and the decrease of channel weight. The effective cooling of blocks is observed to increase for shorter 
and widely spaced heated blocks. Jassim and Muzychka (2010) studied the problem how to allocate discrete 
heat sources to the space on a wall of a convergent flow. They showed that the heat sources should be 
distributed non-uniformly. Furthermore, the optimal spacing between heat sources depends on both Reynolds 
number and channel shape factor.   
 In the present study, a three-dimensional numerical investigation on nanofluid laminar forced convection in 
duct with rectangular cross-section is presented. Discrete heat sources with a uniform heat flux are mounted on 
bottom wall and rest of wall considered adiabatic. Applied nanofluid is composed of distilled water and Al2O3 

nanoparticles. The flow and heat transfer characteristics are evaluated as well as thermo-physical properties. The 
main aim of this study is how the nanofluid affects on the heat transfer rate and pressure drop of flow in a duct 
with hot spots. 
 
2. Mathematical Formulation: 
2.1. Geometry Configuration: 
 In this study the velocity and temperature fields are determined in a duct with a rectangular cross-section, as 
shown in figure 1.The length of duct is 15 times more than height. Six heat sources of length H are placed on the 
bottom wall of the channel. The remaining bottom wall and other walls are isolated. The spacing between heat 
sources is equal to a side of channel cross section.   
 

 
Fig. 1: Duct with discrete heat sources. 
 
2.2. Governing Equations and Boundary Conditions: 
 As nanofluids are composed of extremely small particles, it is assumed that the nanoparticles and basefluid 
are in thermal equilibrium and they flow at identical velocity. In the present work, the nanofluid is considered 
incompressible with temperature-dependent properties. The compression work and viscous dissipation terms 
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were considered negligible in the energy equation. Under such assumptions, the general governing equations 
written are as the followings: 
 Conservation of mass: 
 

0)  Vnf(ρ                                                                                                                                                          (1) 

 
 Conservation of momentum: 
 

VVV 2.(  nfnf P)                                                                                                                               (2) 

 
 Conservation of energy: 
 

).(.( TkT))(C nfnfpnf  V                                                                                                                  (3) 

 
 The equations 1 to 3 must be solve by using appropriate boundary conditions. The flow boundary 
conditions are a uniform velocity at the channel inlet, equal to V0, no-slip at the channel walls and zero relative 
pressure at channel outlet. The thermal boundary conditions are a uniform temperature at the channel entrance, 
equal to T0 and an adiabatic condition at channel walls, except along the heat sources, in which a uniform heat 
flux ( q  ), equal to 20000 W/m2 , is applied. 

 
2.3. Nanofluid Thermo-Physical Properties: 
 The thermo-physical properties of nanofluid are chiefly functions of particle volumetric concentration and 
temperature. In the absence of experimental data, nanofluid density and specific heat are defined only as a 
function of volume fraction as follow: 
 Density: 

pbfnf   )1(                                                                                                                                      (4)  

 
 Specific heat: 
 

ppbfPnfP CCC )())(1()(                                                                                                                      (5) 

 
 In above equations, subscripts ‘bf’, ‘p’ and ‘nf’ refer to basefluid, nanoparticle and the nanofluid, 
respectively. Also  is volume fraction of nanoparticles. 

 The nanofluid viscosity is given by Williams et al. (2008): 
 

                                                                                                              (6) 
 

 
 Where base fluid viscosity, i.e. water, is given by Li (2008): 
 

27107184.10001208.002165.0 TTbf
                                                                                      (7) 

 
 In this simulation, the thermal conductivity considers Brownian motion and mean diameter of the 
nanoparticles, defined as (Chon et al., 2005). 

 
 
 
 
       (8) 
 

 
where bfl is the mean free path of basefluid and the value of 0.17 nm is considered for water. cB and bf  are 

Boltzmann constant and basefluid thermal diffusivity, respectively while bfd and pd  are basefluid molecule 

size and nanoparticle diameter, respectively. 
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3. Numerical Method: 
 The governing differential equations are solved using the finite volume method. A second order upwind 
method is used for energy and momentum equations. The SIMPLE procedure is chosen to couple pressure and 
velocity. The solution convergence is met when the normalized residuals reach to the 10-7 for all equations. In 
order to evaluate the grid independence of numerical solution, three grid densities are checked. Figure 2 shows 
the effect of grid size on the predicted temperature at middle of the last heat source in height direction for 
Re=250 and %2 .As it can be seen a grid density of 1001515   provides acceptable solution for the 

shown example. 
 

 
 
Fig. 2: Effect of grid density on the temperature at middle of the last heat sources in height direction 

(Re=250and %2 ). 

 
RESULTS AND DISCUSSION 

 
 The thermal performance of the channel is characterized in terms of average heat transfer coefficient 
through the heat sources and thermal-hydraulic performance factor. 
 
Average heat transfer coefficient is calculated by: 
 

 
                                                                                                                                                  (9) 

  
 Where sh is given by: 

 
                                                                                                                                            (10)  
                                                                                                                                                       
 

 Where q   and aveT are heat flux of heat sources and average wall temperature on heat source, respectively.  

Thermal-hydraulic performance factor is defined as: 

3/1)( r

r

P

h


                  (11) 

 
 Where rh and  rP  are respectively average heat transfer coefficient and pressure drop ratio, referred to 

values obtained for basefluid.  
 
4.1. Validation: 
 The numerical simulation is validated by comparing the present results with the available results in Ref. 
(Wang, X.Q. and A.S. Mujumdar, 2007). As illustrated in figure 3, the fully developed Nusselt number in 
channel with square cross section under constant heat flux is about 3.9. Furthermore, another comparison is 
carried out to check physical model used for nanofluid. In this case, the local heat transfer coefficient is 
compared with experimental data of nanofluid heat transfer in a circular tube with diameter (D) equal to 
4.75mm and Length of 1.2m, given by Anoop et al. (2009). The nanofluid is water-Al2O3 with %4  at a 
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constant Reynolds number 1588.Figure 4 shows remarkable agreement between the present results on local heat 
transfer coefficient and those provided by Ref. (Anoop et al., 2009) 

 
Fig. 3: Comparison of present numerical results with those reported in Ref. Kays and Crawford (1993). 
 
4.2. Velocity Field: 
 The velocity profile at the middle of the last heat source in height direction for Re=50 and Re=250 are 
illustrated in figure 5(a) and Figure 5(b), respectively, for various values of  . One can clearly see that the trend 

of velocity profile is not symmetric for all cases. This is due this fact the value of velocity is more in the vicinity 
of bottom surface, where the fluid is heated more by heat sources in comparison to top one.  
 

 
Fig. 4: comparison of heat transfer coefficient between present simulation and experimental data (Anoop et al., 

2009) for water-Al2O3 nanofluid with %4  in the circular tube. 

 
 Therefore the viscosity and shear stress is lower and the fluid moves with higher velocity in the vicinity of 
the bottom wall. According to figures 5(a) and 5(b), it can be detected that the peak of velocity profile increases 
as particle volume fraction increases. Furthermore, the velocity profile is more asymmetric for lower Reynolds 
number because of wider range of temperature variation.   
 
4.3. Temperature Field: 
 As it is interesting to evaluate the cooling benefits of nanofluid on bottom wall, figures 6(a) and (b) show 
the wall temperature as a function of channel length for various volume fractions for Re=50 and 250, 
respectively. It can be seen that wall temperature decreases as particle volume fraction increases for all 
considered cases. According to figures 6(a) and (b), it is clear that the wall temperature is higher for lower 
Reynolds number due to higher residence time of fluid particles. The maximum values of wall temperature are 
related to the last of each heat source, while the minimum those belong to the end of each adiabatic section. As 
one can see in these figures, the effect of nanofluid on cooling of bottom wall is more remarkable for higher 
temperature where heat source are placed. This can be considered as the benefit of using nanofluid in cooling of 
them. In the other word, this feature of nanofluid may attract engineer to use them as smart material in cooling 
of a channel with discrete heat sources. The values of temperature at middle of the last heat sources in height 
direction for Re=50 and Re=250 are depicted in figure 7(a) and Figure 7(b), respectively, for various considered 
volume fractions. As illustrated in these figures, adding nanoparticle into basefluid decreases temperature, 
especially near the heat sources. Furthermore, the effect of nanofluid on cooling of heat sources is more 
remarkable at lower Reynolds number. 
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4.4. Nanofluid Local Thermo-Physical Properties: 
 As the velocity and temperature fields strongly depend on thermo-physical properties of fluid, in this 
section variations of nanofluid thermo-physical properties will be discussed.  Figures8 (a) and 8(b) show 
variations of nanofluid viscosity along the channel length for Re=50 and Re=250, respectively. Due to a non-
uniform heat flux on bottom wall, a decreasing periodic behavior is detected in these figures. 
 

 
Fig. 5: Effect of particle loading parameter   on velocity profile at middle of the last heat sources in height 

direction for: (a) Re=50, (b) Re=250. 
 

 
 
Fig. 6: Effect of particle loading parameter   on central bottom wall temperature along channel length: (a) 

Re=50, (b) Re=250. 

 
Fig. 7: Effect of particle loading parameter   on temperature profile at middle of the last heat sources in height 

direction for: (a) Re=50, (b) Re=250. 
 The maximum values of viscosity are related to adiabatic section and the minimum those belong to heat 
sources where high temperature causes the decreased viscosity. So the wall shear stress on heat sources 
decreases which can have a good effect on pumping power. Furthermore, as it is expected, according to equation 
6, the higher volume fraction presents higher viscosity for all considered cases. 
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Fig. 8: Effect of particle loading parameter   on viscosity along the channel length for: (a) Re=50, (b) Re=250. 

 
 Figures 9(a) and (b) show absolute viscosity at middle of the last heat source in height direction for Re=50 
and Re=250, respectively. It can be seen that the viscosity is constant near the top wall where there is no heat 
exchange and the wall is considered adiabatic. This is due this fact that temperature remains constant near the 
top wall. With comparison between figures 9(a) and figure 9(b), it can be seen that the variations of viscosity 
will remain in farther distance from the bottom wall at lower Reynolds number. 
 

 
 
Fig. 9: Effect of particle loading parameter   on viscosity at middle of the last heat sources in height direction 

for: (a) Re=50, (b) Re=250. 
 
 Since the variations of temperature on the top wall is negligible, the local thermal conductivity is illustrated 
in figure 10(a) and Figure 10(b) for Re=50 and Re=250, respectively, only for bottom wall. As these figures 
show, the flow with lower mass flow rate leads to higher thermal conductivity due to higher temperature. 
Furthermore, according to equation 8, the higher volume fraction presents higher thermal conductivity. 
 As we are also interested to evaluate local thermal conductivity in height direction of channel, Figures 11(a) 
and (b) show effective thermal conductivity at middle of the last heat source in height direction for Re=50 and 
Re=250, respectively. It is clear that the values of thermal conductivity in vicinity of heat sources on bottom 
wall are higher in comparison to those near the top wall where the temperature is lower.  
 
4.5. Heat Transfer: 
 Results reveal that the existence of nanoparticles has a significant effect on heat transfer enhancement. The 
average heat transfer coefficient profiles on the heat sources as a function of Reynolds number are depicted in 
Figure 12(a) for 0 , 0.5 and 2. Generally, the average heat transfer coefficient increases as Reynolds number 

is increased. It is also observed that as   increases aveh  becomes higher for a fixed value of Re. Thus, passing 

from %0 to 2 %, the maximum value of about 1280 W/m2 k for aveh is found at Re=250 and 2 . 

Figure 12(b) illustrates the average heat transfer coefficient ratio ( rh ), referred to the values calculated for 

basefluid, as a function of Reynolds number for =0.5 and 2%.  It can be seen that the rh  is greater than one 

for all considered cases and approximately remains constant as Reynolds number increases from 50 to 250 for 
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both volume fractions  =0.5 and 2%. Furthermore, there is a considerable augmentation for lower volume 

fraction in comparison with higher one, in fact the highest value of 1.26 is detected at Re=250 and  =0.5%. 

 

 
 
Fig. 10: Effect of particle loading parameter   on thermal conductivity along the channel length for: (a) 

Re=50, (b) Re=250. 
  

 
 
Fig. 11: Effect of particle loading parameter   on thermal conductivity at middle of the last heat sources in 

height direction for: (a) Re=50, (b) Re=250. 
  

 
 
Fig. 12: Effect of parameters  and Re on: (a) average heat transfer coefficient and (b) average heat transfer 

coefficient ratio. 
 
 
4.6. Pressure Drop: 
 It will be unsurprising that the use of nanoparticles in basefluid can have an unpleasant influence on 
pressure drop because of increased viscosity. The pressure drop profiles as a function of Reynolds number are 
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illustrated in Figure 13 (a) for  =0, 0.5 and 2%. As it can be seen, the pressure drop increases as Reynolds 

number and particle volume fraction increase and the maximum value about 4.5 Pa  is detected at Re=250 and 
 =2%.  

 
Fig. 13: Effect of parameters  and Re on: (a) pressure drop and (b) pressure drop ratio. 

 
 The pressure drop ratio ( rP ), referred to the base fluid is described in Figure 13(b). It is observed that 

rP   is greater than one for all considered cases, analogous to rh , and there is not remarkable change as 

Reynolds number increases from 50 t0 250.  
 
4.7. Thermal-Hydraulic Performance: 
 As explained in previous sections, employing nanofluid increases the heat transfer rate as well as pressure 
drop. In order to analysis the order of magnitude of augmentation of heat transfer and pressure drop for various 
Reynolds numbers and volume fractions, the thermal-hydraulic performance factor as a function of Reynolds 
number is depicted in figure 14 for =0.5 and 2%. 

 
Fig. 14: Effect of parameters  and Re on . 

 
 As one can see, the variations of   are approximately independent of Reynolds number and lower volume 

fraction present better performance. Furthermore, with comparison to our previous study (Mashaei et al., 2012), 
it is noted that the use of nanofluid in cooling of parallel plate has a better performance in comparison to a 
channel with rectangular cross section. 
 
Conclusion: 
 A three dimensional numerical analysis of flow and heat transfer characteristics of nanofluid in a cannel 
with discrete heat sources has been carried out. Six heat sources are placed on bottom wall at a constant heat 
flux and remaining channel surfaces are considered adiabatic. The basefluid is water and three volume fractions 
of Al2O3 nanoparticles ( =0(distilled water), 0.5 and 2%) are taken into account with a single-phase model. 

Moreover, different Reynolds numbers in the range 50-250 are considered. The results show the use of 
nanofluid can lead to an asymmetric profile velocity along the height of channel, especially at lower Reynolds 
number. Also, results clearly reveal that the presence of nanoparicles in basefluid can remarkably increase heat 
transfer rate and decrease the wall temperature in the vicinity of heat sources. Furthermore, the use of nanofluid 
with temperature-dependent properties can significantly increase heat transfer rate near the heat sources where 
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higher heat evacuation is required such as hot spots. By a comparison with our previous study (Mashaei et al., 
2012), it is found that the use of nanofluid instead of basefluid in the parallel plates channels present better 
performance when compared with confined channel.   
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Nomenclature: 
List Of Symbols: 
 :Nabla operator (1/m) 
Bc: Boltzman constant 
Cp: Specific heat of the fluid (J/kg K) 
d: Size of particle or molecule(m) 
H: Channel height (m)  
h: heat transfer coefficient through the heat sources (W/m2 K)  

k: Thermal conductivity (W/m K) 
l: Mean free path 

Nu: Local Nusselt number (
)( mw TTk

qH
Nu


 ) 

P: Pressure (Pa) 
q  : Heat flux of heat sources (W/m2) 

Re: Reynolds number (
nf

innf HU




Re ) 

T: Temperature (K) 
V : Velocity vector (m/s)  
Uin: Inlet velocity (m/s) 
Greeks 
 : Thermal diffusivity 
 : Thermal-hydraulic performance factor 

 : Dynamic viscosity (Pa.s) 

 : Density (kg/m3) 

 : Particle volume fraction (%)  

Subscripts 
w: refers to the wall conditions 
ave: refers to average  
bf: refers to the base fluid 
nf: refers to the nanofluid 
p: refers to particles 
r: refers to a ratio 
0: refers to the inlet conditions 
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